We show that a countable direct limit of projective contramodules (over a right linear topological ring) is projective if it has a projective cover. Applications to the Enochs conjecture on covers and direct limits under the assumption of the telescope Hom exactness condition (e. g., for a Σ-pure-rigid module) and some countability assumptions are deduced.
Introduction
The notion of a projective cover is dual to that of an injective envelope. While injective envelopes exist in all Grothendieck abelian categories, projective covers are more rare. If was shown in the classical paper of Bass [4] that all left modules over an associative ring R have projective covers if and only if all flat left R-modules are projective. Such rings were called left perfect in [4] . Subsequently people realized that if a flat module over an associative ring has a projective cover, then such module is projective (see, e. g., [13, Section 36.3] ).
A Bass flat module over an associative ring R is a countable direct limit of copies of the free R-module with one generator R = R[ * ]. All Bass flat modules have projective dimension at most 1. This class of modules and its generalizations played an important role both in Bass' paper [4] and in subsequent works (see, e. g., the recent papers [12, 3] ). In this note, we consider the analogous class of contramodules over a topological ring, and prove that a Bass flat contramodule cannot have a projective cover unless it is projective.
The Enochs conjecture (or "a question of Enochs") suggests that any covering class of modules is closed under direct limits [7, Section 5.4 ] (cf. [3, Section 5] ). This problem was addressed in the papers [12, 3] , where some rather advanced results in the direction of a positive answer to the question of Enochs were obtained.
In this note, we follow the approach to the Enochs conjecture outlined in the preprint [6] . We consider the class Add(M) of all direct summands of direct sums of copies of a given A-module M. As an application of the theorem about projective covers of Bass flat contramodules, we obtain results confirming the Enochs conjecture for the class Add(M) under two kinds of assumptions. The telescope Hom exactness condition (THEC), introduced in [6, Section 4], plays a key role. Some countability assumption (either the direct limits are countable, or the module is countably generated) is needed for technical reasons.
Projective Covers of Bass Flat Contramodules
Throughout this note, R denotes a complete, separated topological ring with a base of neighborhoods of zero formed by open right ideals. We refer to [10, Section 6] or [9, Section 1] for the definition of the category of left R-contramodules. These are left R-modules endowed with infinite summation operations with the families of coefficients converging to zero in the topology of R.
The category R-contra is a locally presentable abelian category with enough projective objects. The free R-contramodule with one generator R[[ * ]] = R is a natural projective generator of R-contra. More generally, the projective R-contramodules are precisely the direct summands of the free R-contramodules R[[X]], where X is an arbitrary set and R[[X]] ⊂ R X is the set of all X-indexed families of elements in R converging to zero in the topology of R.
A right R-module N is said to be discrete if the annihilator of any element in N is an open right ideal in R [10, Section 7.2], [9, Section 1.4] . Discrete right R-modules form a Grothendieck abelian category, which we denote by discr-R.
We denote by H = H(R) ⊂ R the topological Jacobson radical of the ring R, that is, the intersection of all the open maximal right ideals in R [8, Section 3.B], [9, Section 6] . So H is a closed two-sided ideal in R [9, Lemma 6.1]. The Jacobson radical of the ring R viewed as an abstract (nontopological) associative ring is denoted by H = H(R) ⊂ R. So H is a two-sided ideal in R, but we do not know whether it needs to be a closed ideal. Obviously, one has H(R) ⊂ H(R).
Let A be a category and L ⊂ A be a class of objects. A morphism l : L −→ A in A is said to be an L-precover (of the object A) if L ∈ L and for any morphism l ′ : L −→ A with L ′ ∈ L there exists a morphism f : L ′ −→ L such that l ′ = lf . An L-precover l : L −→ A is said to be an L-cover if for any endomorphism f : L −→ L the equation lf = l implies that l is an automorphism.
Let B be an abelian category with enough projective objects. We denote the full subcategory of projective objects in B by B proj ⊂ B. Then a morphism p : P −→ B in B is a projective precover (i. e., a B proj -precover) if and only if P ∈ B proj and p is an epimorphism. A projective precover p : P −→ B is a projective cover if and only if its kernel K is a superfluous subobject in P . Here a subobject K ⊂ P of an arbitrary object P ∈ B is said to be superfluous if for any subobject X ⊂ P the equality K + X = P implies X = P .
A Bass flat contramodule is a countable direct limit of free left R-contramodules with one generator, computed in the category of left R-contramodules R-contra,
where a 1 , a 2 , . . . is a sequence of elements of R and * a : R −→ R is the left R-contramodule morphism of right multiplication with a ∈ R. The aim of this section is to prove the following Our proof extends to the contramodule realm the argument for a discrete ring R outlined in the now-obsolete preprint [5, Lemma 3.2 and/or Corollary 3.4(a)]. The proof is based on three technical propositions, the first of which is formulated immediately below.
We will use the following pieces of notation from [9, Sections 1. The proof of Proposition 2 consists of three lemmas.
Lemma 3. Let B be an abelian category, f : P −→ Q be a morphism in B, and K ⊂ P be a superfluous subobject. Then the image L = f (K) of the subobject K under the morphism f is a superfluous subobject in Q. In particular, (a) if P , Q ∈ B are two objects and K ⊂ P is a superfluous subobject, then
Lemma 4. Let C be a left R-contramodule and c ∈ C be an element. Then the cyclic
] be the free left R-contramodule with one generator. Then the R-contramodule morphisms R −→ C correspond bijectively to the elements of C. In other words, the map R c −→ C taking every element r ∈ R to the element rc ∈ C is a left R-contramodule morphism (see [10, Section 6.2] or [9, Section 1.7]). Now the cyclic submodule Rc ⊂ C is the image of this contramodule morphism, hence it is a subcontramodule.
More generally, any finitely generated R-submodule of an R-contramodule is a subcontramodule. Proof of Proposition 2. By Lemma 3(a), we can assume that P is a free left R-con-
In fact, we have shown that under the assumptions of Proposition 2 one has K ⊂ H ⋌ P, where H ⊂ R is the topological closure of the abstract Jacobson radical H ⊂ R (but we will not use this fact).
The second main technical ingredient is the next For any left R-contramodule C, the abelian group C/(I ⋌ C) can be interpreted as the contratensor product (R/I)⊙ R C of C with the cyclic discrete right R-module R/I. We refer to [10, Section 7.2] or [9, Section 1.8] for the definition and discussion of the contratensor products.
A left R-contramodule G is called flat if the functor of contratensor product −⊙ R G is exact on the abelian category of discrete right R-modules. For the purposes of the present proof, an (apparently) stronger flatness property of contramodules is relevant. The left derived functor of contratensor product ] be a free left R-contramodule and P be a direct summand of F. We will view P as a subcontramodule in F and denote by e : F −→ F an idempotent R-contramodule endomorphism of F such that P = Fe (for simplicity of notation, we let e act in F on the right). Elements of the set X will be viewed as (the basis) elements of F.
Let q = x∈X q x x be an element of P. Here (q x ∈ R) x∈X is a family of elements converging to zero in the ring R and the sum x∈X q x x can be understood as the result of applying the contramodule infinite summation operation with the family of coefficients q x to the X-indexed family of elements x ∈ F.
Assuming that P = H ⋌ P, we will prove that q = 0. Indeed, we have H ⋌ P ⊂
where the family of elements (a x,y ) y∈X converges to zero in R for every fixed x ∈ X. If the set X is empty, then there is nothing to prove. Otherwise, choose an element x 0 ∈ X, and consider the X × X matrix Q = (q z,x ) z,x∈X with the entries q z,x = q x when z = x 0 and q z,x = 0 when z = x 0 . In other words, we consider the family of elements (q x ) x∈X as an X-indexed row and build an X × X matrix in which this row is the only nonzero one. We also consider the X × X matrices A = (a x,y ) x,y∈X and 1 = (δ x,y ) x,y∈X . All the three matrices Q, A, and 1 have entries in R and zeroconvergent rows, so they belong to Mat X (R); and, of course, 1 is the unit element of the ring Mat X (R). Then the family of equations (3) can be expressed as a matrix multiplication equation Q(1 − A) = 0 in the ring Mat X (R).
Furthermore, by Lemma 9, the matrix A belongs to the topological Jacobson radical of the ring Mat X (R). By Lemma 8, the right multiplication with 1 − A acts injectively in R. Thus Q = 0, and it follows that q = 0, as desired.
Proof of Theorem 1. Let B be a Bass flat left R-contramodule and p : P −→ B be its projective cover in R-contra. Since there are enough projective objects in R-contra, the map p is surjective. Put K = ker(p). Then, by [9, Lemma 3.1], K is a superfluous subcontramodule in P. By [9, Lemma 2.3 or Corollary 2.4], Bass flat contramodules have projective dimension at most 1 in R-contra. Hence K is a projective R-contramodule.
According to Proposition 2, we have K ⊂ H ⋌ P. From Proposition 6, we know that K ∩ (H ⋌ P) = H ⋌ K. Thus K = H ⋌ K. By Proposition 7, it follows that K = 0. We can conclude that B ≃ P is a projective left R-contramodule.
Here is a more general result provable with our methods. We refer to [9, Section 2] for the discussion of n-strictly flat contramodules.
Theorem 10. Let F be an ∞-strictly flat left R-contramodule of projective dimension not exceeding 1. Assume that F has a projective cover in R-contra. Then F is a projective R-contramodule.
Proof. The proof is the same as for Theorem 1.
In particular, in view of [9, Corollary 2.4] , it follows that a countable direct limit of projective left R-contramodules is projective if it has a projective cover.
Applications to the Enochs Conjecture
For the benefit of a reader not necessarily familiar with the context, let us recall the statement of the conjecture [7, Section 5.4] (cf. [3, Section 5] ).
Conjecture 11 (a question of Enochs). Let A be an associative ring and L ⊂ A-mod be a class of left A-modules. Assume that every left A-module has an L-cover. Then the class of modules L is closed under direct limits in A-mod.
Let A be an associative ring and M be a left A-module. Then we denote by Add(M) ⊂ A-mod the class of all direct summands of (arbitrarily large) direct sums of copies of M in A-mod. In this section we discuss some results in the direction of the Enochs conjecture for the class of modules L = Add(M).
Application 12. Let A be an associative ring and M be a left
−→ · · · be a countable direct system of copies of M and D = lim − →n≥0 M be its direct limit. Let
be the related telescope short exact sequence of left A-modules. Assume that the sequence 
−→ · · · of copies of the left R-contramodule R (where a n = f n ∈ Hom A (M, M) op = R). The direct limit of the latter direct system is a Bass flat left R-contramodule B.
Following the proof of [6, Corollary 4.7] , under our telescope Hom exactness assumption the left A-module D has an Add(M)-cover if and only if the left R-contramodule B has a projective cover. If this is the case, then by Theorem 1 the left R-contramodule B is projective, and once again the proof of [6, Corollary 4.7] shows that the left A-module D belongs to Add(M).
It is worth noticing that the condition that the short exact sequence (4) stays exact after applying Hom A (M, −) means precisely that the epimorphism ∞ n=0 M −→ D is an Add(M)-precover of D. So the assertion of Application 12 can be rephrased as follows: if the natural epimorphism p :
an Add(M)-precover, and the A-module D has an Add(M)-cover, then D ∈ Add(M).
One can also see from the above argument that, under the assumptions of Application 12, the left A-module epimorphism p : Following [6, Section 4], we will say that a left A-module M satisfies the telescope Hom exactness condition (THEC ) if, for every sequence of endomorphisms f 1 , f 2 , f 3 , . . . ∈ Hom A (M, M) the related telescope short exact sequence (4) stays exact after applying the functor Hom A (M, −). Furthermore, we will say that an A-module N is Σ-pure-rigid if the pure Ext group PExt 1 A (N, N (λ) ) vanishes for every cardinal λ. All Σ-pure-rigid modules satisfy THEC; there are also other sufficient conditions for THEC discussed in [6] .
The conclusion of the next corollary can be thought of as a "countable direct limit version of the Enochs conjecture". Corollary 13. Let A be an associative ring and N be a left A-module. Assume that, for every cardinal λ, the left A-module N (λ) satisfies THEC (e. g., this holds if the A-module N is Σ-pure-rigid). Assume further that any countable direct limit of modules from Add(N) has an Add(N)-cover in A-mod. Then the class of objects Add(N) ⊂ A-mod is closed under countable direct limits.
Proof. Follows immediately by applying the result of Application 12 to the left A-module M = N (µ) with a suitable cardinal µ.
The following result is stronger, but it needs the module to be countably generated.
Application 14. Let A be an associative ring and M be a countably generated left A-module. Suppose that M satisfies THEC (e. g., this holds if the pure Ext group PExt 1 A (M, M (ω) ) vanishes). Suppose further that all the countable direct limits of copies of M in the category of left A-modules A-mod have Add(M)-covers. Then the class of objects Add(M) ⊂ A-mod is closed under direct limits and the A-module M has a perfect decomposition (in the sense of the paper [2] ).
Proof. Consider the topological ring R = Hom A (M, M) op with the finite topology. By [6, Corollary 4.7 (1) ⇒ (2)], it follows from our assumptions that all Bass flat left R-contramodules have projective covers. Applying Theorem 1, we can conclude that all Bass flat left R-contramodules are projective. By [9, Proposition 4.3 and Lemma 6.3], it follows that all discrete right R-modules are coperfect.
Since the A-module M is countably generated, the topological ring R has a countable base of neighborhoods of zero. By [11, Theorem 12.4] , we can conclude that the topological Jacobson radical H ⊂ R is topologically left T-nilpotent and strongly closed in R, and the quotient ring R/H in its quotient topology is topologically semisimple. According to [11, Theorem 10.4] , this means that the left A-module M has a perfect decomposition. By [2, Theorem 1.4], it follows that the class Add(M) is closed under direct limits in A-mod.
Alternatively, one can use the argument in [11, Theorem 13.1 (3) ⇒ (1) ⇒ (2)] to show that the class of all projective left R-contramodules is closed under direct limits in R-contra. By [11, Corollary 9.8] , it follows that the full subcategory Add(M) ⊂ A-mod has split direct limits. In particular, by [11, Lemma 9.2] or [6, Lemma 4.5] , Add(M) is closed under direct limits in A-mod.
Remark 15. After this note was essentially ready, JanŠaroch has informed us that our Corollary 13 admits a short elementary proof.
